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was chosen to show that the filter is capable of very good
performance in terms of sidelobes. The expanded vertical
scale of Fig. 17 proves the sidelobe levels to be lower than
—30 dB. They actually may be lower than —40 dB because
the two apparent sidelobes following the main compressed
pulse at 25 ns intervals are not sidelobes but are internal
reflections in the TWT amplifier used ahead of the oscillo-
scope as an aid to presentation.

CONCLUSION

The FTML technique appears well suited to a variety of
problems requiring the generation of arbitrary, but continu-
ous, delay characteristics over bandwidths of up to one
octave. High losses and severe requirements on dimensional
tolerances tend to limit the upper frequency range of useful-
ness of the technique to approximately 4 GHz. The lower-
frequency limit is set by size and should be on the order of
100 MHz.
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Electromagnetic Resonances of Free
Dielectric Spheres

MONIQUE GASTINE, LOUIS COURTOIS, axp JEAN LOUIS DORMANN

Abstract—A systematic study is made of electromagnetic resonances
of a spherical, free, and isotropic sample supposed to be without dielec-
tric loss. The characteristic equation which is both complex and trane
scendant has been resolved with a computer. The results for the first modes
(frequency and Q factor for ¢ varying between 1 and 100) are presented.
The Q factor that is calculated represents the comparison between the
energy stored by the resonance system and energy radiated per cycle;
this is the theoretical maximum Q in the case of nonlossy materials.

The different modes are classed in TE,,, and TM,,,,. modes which
comprise exterior and interior modes. It is shown that for n>r the
energy is concentrated in all directions near the surface; these are known
as surface modes. This systematic study is confirmed by experiments in
which numerous modes have been observed and identified.

INTRODUCTION

HE LAST FEW years have seen the publication of
several studies of electromagnetic resonances of free
dielectric samples. This is explained by the high Q
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factor that can be obtained with a small space factor, when
using high-dielectric constant materials and a low dissipa-
tion factor tan 6. The resonators used lend themselves to a
number of different applications. However, their use requires
a good knowledge of their spectra and field configurations.

A systematic study has been made of the resonances of an
isotropic spherical dielectric sample, supposed without loss,
placed in an infinite medium. This problem had only, until
now, been studied by approximating a high e relative dielec-
tric constant, -l

CHARACTERISTIC EQUATION

The dielectric sample creates in its proximity a concentra-
tion of semistationary electromagnetic energy. By using the
Bromwich method, Maxwell’s equations have been resolved
taking into account the boundary conditions, zero energy
at infinity. By using the spherical coordinates (p, 8, ¢) it has
been possible to class the waves as transverse electric modes
(TE) and transverse magnetic modes (TM).

For a TE mode on the inside of the sample, the fields are
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where P,™ (cos §) is the first kind associated Legendre func-
tion of orders n, m in cos 8, and J,.11;2 (kp) is the first kind
Bessel function of the order n+1/2 in kp with k=w(x/eu/c)
as the wavenumber in the dielectric sample.

Outside the sample, the expressions are similar in replac-
ing the Bessel functions of the first kind by the Hankel func-
tions of the second kind.

For the TM modes the expressions for the fields are the
same when permutating the E and H fields and when taking
into consideration the impedance v/u/e.

The continuity conditions on the separation surface lead
to a characteristic equation which is both complex and
transcendental:
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The resolution in

kR = X — jY = ﬁ‘-R(w' — ju'")
C

where R, the radius of the spherical sample, and w, the
complex radian frequency, gives the free oscillation frequen-
cies of the system and their relaxation times.

To help solve the equation we used a computer with a
checkering method followed by a method of double itera-
tion.

For each integer value n> 1 there is a corresponding dis-
crete set of w roots; the system is degenerate in m.
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Fig. 1. The real part of characteristic equation solutions for TE
moges with n<4. w=cX/R+/eu. The primed rs are for exterior
modes.
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Fig. 2. The imaginary part of characteristic equation solutions

for TE modes with n<4. Q= X/2Y.

Figs. 1 and 2 represent the values of X and Y obtained for
the TE modes of the order of n<4. Figs. 3 through 10
represent those obtained for the TM modes.

For e—1, a direct derivation gives the solution X= K or
X=(2K++1) /2 where K is an integer.
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For e—»w, the solutions are either the zeros of the first
kind Bessel function where the product kR is finite and
real, or the zeros of the second kind Hankel function where
the product kR/+/e is finite and complex.

This distinction is fundamental. The modes will be called
“interior” when the product kR remains finite for e—>w,
and “exterior” when the product kR tends towards infinity
with e, The order of the roots obtained has been labeled,
respectively, the interior and exterior modes » and #. In
the two diagrams of the TE modes, the distinction between
the two types is very clear whatever ¢ may be. It is not the
same, however, on the diagram of the TM modes when coup-
ling phenomenon appear between the two types; these then
are mixed modes. The number of modes of the exterior type
is limited, their number being given by the rule
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% odd: solution X =0 and (n—1)/2 other solutions
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Mode TE,,,»

n even: solution X =0 and n/2 other solutions
n odd: (n+1)/2 solutions.

These two mode types can be explained physically by con-
sidering that on a diopter the incident rays are either in the
least refractive medium or they are in the greatest refractive
medium. In the same way, the interior modes shall be con-
sidered as a concentration of energy on the whole volume of
the sample or on its surface but with a predominance of
stored energy in the sample. However, it has been noticed
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Figs. 3-10. The first TM solutions. Interior modes » and exterior modes r’ present coupling phenomena.

that for the exterior modes the energy is only concentrated
on the separation surface and more particularly outside the
sample.

This becomes rigorous when e—w. The refracting sur-
face is then totally reflective and there may be waves on
the outside (zero of Hankel function) and waves on the
inside (zero of Bessel function).

Although the material losses(tan —0) have been neglected,
characteristic frequencies are found which are complex

w = — Jo’.
This shows that there are “leaky modes.”” A Q factor can
therefore be defined as

stored energy

- .
radiated energy per cycle

The values of X/2Y show that the Q of the exterior modes
is always less than 1, whereas for e greater than 5, the
Q of the interior modes is greater than 10 and can even
reach very high values. They are « with e,

This Q is the maximum theoretical Q obtained in the case
of nonlossy materials. This value is of great interest since
it indicates the possibility of coupling the mode to the ex-
terior medium. A theoretical value for Q which is too low
indicates a stored energy which is likewise too low, thus
preventing the mode from being observed; hence, the exte-
rior modes will never be observed.

A value for Q which is too large, however, (Q>1/tan §)
indicates that the dielectric losses can no longer be neglected
since they are more important than the radiation; such a
mode also cannot be observed.



698

E101
Q=13

)\o/ 2

Fig. 11.

1
Jo—

Nol2
Fig. 12.

IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, DECEMBER 1967

TEy01
Q=61

' “ol2

Fig. 13.

01

)\olz

Fig. 14.

Figs. 11-14. Magnetic lines of force of the TE1o1, TEsas, and TEgy; modes, and electric lines of force of the TM1o mode.

FieLD CONFIGURATION

In an approximation of negligible radiation in comparison
with the stored energy, we have studied the field configura-
tion of the first interior modes on the interior of the dielectric
as well as on the exterior.

For the TE modes the force lines of the electric field are
on a sphere. In the case where m is zero the modes have a
symmetry of revolution about the =0 axis. The force lines
of the electric field in this case are circles. The force lines
of the magnetic field are situated in meridian planes.

Figs. 11 through 13 represent, as examples, the force lines
of the magnetic field in a meridian plane for the TE101, TE 104,
and TEsq; modes (using a dielectric sphere of constant e=14).

The drawing of the lobes outside the sample has been

limited to those contained within the first spherical surface
which behaves as a virtual “electric wall.”

In the TM modes the nature of the force lines remains the
same but the role of the H and E fields is permutated. Fig.
14 represents the force lines of the electric field of the TMo,
mode.

In Figs. 15 and 16 the linear density of energy Hg’p
and E,p* has been represented as a function of the radial
abscissa p. Here it is noticed that the modes can be classed
as volume or surface modes according to whether r>>n or
m>>r; in the latter case the energy is concentrated in the
proximity of the separation surface. The exterior modes are
the first Toots of the characteristic equation and it can be
shown that they are always surface modes.
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Figs. 15-16. Magnetic energy density Hy%? (solid lines) and electric energy density Ey%? (dashed
lines) in a direction @ versus normalized radial abscissa.

Fig. 17. Experimental setup in order to observe the dimensional resonances:
1) sweep generator; 2) oscilloscope or recorder; 3) sample under
test; 4) isolator; 5) crystal detector; and 6) waveguide.
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of a dielectric sphere 3.9 mm in diameter, ¢=86. of a dielectric sphere 4 mm in diameter, ¢=86.
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ExPERIMENTAL CHECKING

These modes have been experimentally studied using a
setup as shown in Fig. 17 at X and Ku bands.

Placing the sample in a waveguide removes the spherical
degeneracy, the result being that each mode appears under
the form of a set of three lines. However, for a good sym-
metrical position of the sample in the waveguide two of the
three modes can be totally decoupled. For the n=1 modes,
however, only a single line can never be decoupled.

Figs. 18 and 19 show the results obtained with a sphere
3.9 mm in diameter where =86 at X and Ku bands. Verifica-
tion is therefore excellent. These modes lend themselves to
interesting applications such as measurement of small di-
electric losses in material with a large dielectric constant.[”]
The strong concentration of energy given by these modes
has allowed us to build a power limiter using the TE;» mode
of a YIG sphere.[®
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A High-Power UHF Circulator

YOSHIHIRO KONISHI, SENIOR MEMBER, IEEE

Abstract—The insertion loss, the bandwidth ratio, and the nonlinearity
of a high-power UHF circulator are discussed generally with regard to the
characteristics, volume, and filling factor of the ferrite. Theory and ex-
periment are made on the high-power circulator with ferrite, where either
surface of the ferrite comes into contact with air. A wideband technique
in improving the narrowband that is essentially the result of the filling
factor of ferrite is also described.

To avoid the center conductor heating effect, a circulator without a
center conductor is described.

Experiments have proven that, for ferrite nonlinearity, the threshold
power by spinwave occurs in a polycrystal for CW power even above reso-
nance and is changed by a external field strength, whereas the nonlinearity
is not observed in a single crystal.

I. INTRODUCTION

HE ORDINARY Y-stripline circulator has been de-
Tveloped and studied by many authors.'~ However,
in the case of a high-power CW circulator important
factors for practical use such as temperature rise, ferrite
nonlinearity, bandwidth, and insertion loss have not been
adequately explained. As an example, nonlinearity occurs in
a polycrystal at a comparatively low-power CW even under
an above resonance operation, although such a phenomenon
is not observed in a single crystal.
First, the general relation between several electrical char-
acteristics of a circulator is studied in Section II. As a result,
it becomes clear that the ferrite of the volume necessary for
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linearity should come into contact with as wide a surface as
possible for good heat conductivity. It is also clarified that
insertion loss depends only on 7@ values of the ferrite ma-
terial reaching a minimum value at the optimum external
field, and further, that the bandwidth ratio is related to the
filling factor of the ferrite.

Second, to satisfy the general requirements already men-
tioned, analysis is made for the circulator in which either
surface of a ferrite plate comes into contact with a small di-
electric constant and permeability, such as air, to create a
wide surface and volume of ferrite. Wideband techniques to
improve the narrowband, essentially caused by the filling
factor of the ferrite, are described. For practical use, con-
struction that offsets rising temperature as a result of the cen-
ter conductor is also considered.

Finally, several experiments confirming both theory and
practical use are described.

II. GENERAL CONSIDERATIONS

The approximate values of the characteristics of a circu-
lator such as insertion loss L (decibels), bandwidth ratio w,
and available maximum power P,i;, are obtained by relating
the volume 7 and the filling factor k; (=the time average
magnetic energy W,./time average total magnetic energy
Wans) of the ferrite contained in a symmetrical 3 port under
the following assumptions:

First, it is assumed that there exists no magnetic energy
inside the ferrite under the same-phase excitation. This as-
sumption is satisfied for the lumped element Y circulator!”



